Abstract. We give a combinatorial classification of non-trivial triple Massey products of three dimensional classes in the cohomology of a moment-angle complex Z K . This result improves on [5, Theorem 6. 
Massey products are higher cohomology operations that refine cup products. The first examples of non-trivial Massey products in moment-angle complexes were by Baskakov [2] , who gave an infinite family of moment-angle complexes with nontrivial triple Massey products. Denham and Suciu [5] gave a combinatorial classification of triple Massey products of classes in the lowest degree (degree three) when the indeterminacy is trivial.
Let K be a simplicial complex on [m] vertices. Following [4] , the moment-angle complex Z K is
, and Y i = S 1 if i / ∈ I. As a subspace of the polydisc, Z K has a cellular decomposition that induces a multigrading on C * (Z K ). The full subcomplex K J is {σ ∈ K | σ ⊂ J} for J ⊂ [m]. Let C * (K J ) be the augmented simplicial cochain complex. The following theorem is a combination of results by Hochster [6] , Buchstaber-Panov [3] , and Baskakov [1] . All coefficients are in k, which is a field or Z.
Theorem (Hochster's formula). [6, 3, 1] There is an isomorphism of cochains for j the rth element of J, and for L ⊂ J, let ε(L, J) = j∈L ε(j, J). The product
Definition. Let (A, d) be a differential graded algebra with α i ∈ H pi (A) for i = 1, 2, 3 such that α 1 α 2 = 0 and α 2 α 3 = 0. For a ∈ A p , let a = (−1) 1+p a and let a i ∈ A pi be a representative for α i . The triple Massey product
is the set of classes represented by a 1 a 23 +a 12 a 3 ∈ A p1+p2+p3−1 , for a i,i+1 ∈ A pi+pi+1−1 such that d(a i,i+1 ) = a i a i+1 , i = 1, 2 and it does not depend on the representative a i for α i . A triple Massey product is trivial if it contains 0. The indeterminacy of a triple Massey product is the set of differences between elements in α 1 , α 2 , α 3 .
We compute Massey products α 1 , α 2 , α 3 ⊂ H * (Z K ) in terms of K by using the isomorphism in Hochster's formula. When indeterminacy is trivial, Denham and Suciu [5] showed that α 1 , α 2 , α 3 for α i ∈ H 3 (Z K ) is non-trivial if and only if the one-skeleton K
(1) contains a full subcomplex isomorphic to one of the first 6 graphs in Figure 1 .
is defined and non-trivial if and only if the one-skeleton K (1) of K contains a full subcomplex isomorphic to a graph in Figure 1 .
Figure 1. The eight obstruction graphs
Example. Let K be the graph in Figure 2b , where the dashed edge is optional. Let
Calculations are similar for K in Figure 2a , where a 12 = χ 3 +c 1 ( χ 1 + χ 2 + χ 3 + χ 4 ) and a 23 = χ 5 + c 2 ( Since Z KJ retracts off Z K [7, Proposition 3.6], the following proposition finishes the proof the Theorem.
Proposition. For a simplicial complex
K on six vertices, α 1 , α 2 , α 3 ⊂ H 8 (Z K ) for α 1 , α 2 , α 3 ∈ H 3 (Z K ) is
defined and non-trivial if and only if its one-skeleton K
(1) is isomorphic to a graph in Figure 1 . 
Proof. Suppose that K
(1) is isomorphic to an obstruction graph. Direct calculations in the Example are not affected by 2-simplices in K, and dim(K) 2. Hence α 1 , α 2 , α 3 is non-trivial.
Conversely, suppose there is a non-trivial Massey product on
Let G on [6] be the edge complement of K, so {i, j} ∈ G if and only if {i, j} / ∈ K.
, {3, 4} and {5, 6}. Since α i α i+1 = 0 for i = 1, 2, K does not contain a cycle on 4 vertices. Thus there exist edges {v 1 , v 2 }, {v
be representing cocycles for α 1 , α 2 , α 3 . So a 1 a 2 = χ v1 χ v2 = 0 and a 2 a 3 = χ v2 χ v3 = 0. For a 12 = 0 and a 23 = 0, the associated cocycle is zero, which contradicts the assumption that α 1 , α 2 , α 3 is non-trivial. Label the vertices of G so that there is a path 1, 2, 3, 4, 5, 6. Consider the case when {1, 3}, {4, 6} / ∈ G. Since {v 1 , v 2 }, {v 2 , v 3 } / ∈ G for any v i ∈ S i , the vertices 3 and 4 have valency two. Suppose {2, 5} ∈ G. Let α 1 , α 2 , α 3 be represented by
, respectively. Since a 1 a 2 = χ 2 χ 3 = 0, let a 12 = 0 and let a 23 = χ 5 . Then the associated cocycle χ 25 is zero, contradicting the non-triviality of α 1 , α 2 , α 3 . Hence {2, 5} / ∈ G and G is the graph complement of K (1) in Figure 2a , where {1, 5}, {1, 6} and {2, 6} are optional. There are three remaining cases. In the case where {1, 3} ∈ G and {4, 6} / ∈ G, it is necessary that {1, 5} / ∈ G otherwise in the Example, the associated cocycle ω = χ 15 is zero. Also {2, 5} / ∈ G as in the previous case. The edges {1, 6}, {2, 6} in G are optional as they do not change the calculations in the Example. When {1, 6}, {2, 6} / ∈ G, K (1) is the graph in Figure 2b with {4, 6} ∈ K. For other selections of {1, 6}, {2, 6}, K (1) is graph isomorphic to a graph in Figure 2a . The case where {4, 6} ∈ G and {1, 3} / ∈ G is symmetric to the case where {1, 3} ∈ G and {4, 6} / ∈ G, so up to isomorphism we obtain the same graphs. Finally if {1, 3}, {4, 6} / ∈ G, then {1, 5}, {2, 5}, {2, 6} / ∈ G for the same reasons as in the last two cases. Let α 1 , α 2 , α 3 be represented by χ 1 ∈ C 0 (K 12 ), χ 3 ∈ C 0 (K 34 ), χ 6 ∈ C 0 (K 56 ), respectively. Let a 12 = 0, a 23 = χ 6 . So the associated cocycle is χ 16 and therefore {1, 6} / ∈ G. Then G is the graph complement of the graph in Figure 2b with {4, 6} / ∈ K. Up to graph isomorphism, all graphs in Figure 2 are exactly those in Figure 1 . Thus Figure 1 contains all 1-skeletons of simplicial complexes K on six vertices with a non-trivial triple Massey product in H 8 (Z K ).
Lemma. None of the graphs in Figure 1 is isomorphic to another. In h, these two vertices are at a minimal distance of 3 from each other. Therefore each of these graphs is not isomorphic to another.
